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Modeling Structural Relaxation

To minimize total mechanical energy, the atoms in TBG are displaced depending on the local
disregistry. The displacement Uℓ moves atoms on layer ℓ ∈ {1, 2}, sublaমce σ ∈ {A, B} by

Rℓ + τσ
ℓ 7→ Rℓ + τσ

ℓ + Uℓ(Rℓ + τσ
ℓ )

.

Le[: Illustraঞon of disregistry of layer 2 (red) with respect to layer 1 (blue). Right: GSFE energy landscape as a
funcঞon of disregistry. It is minimized at AB conCguraঞon, and maximized at AA.

Uℓ minimizes the bilayer energy funcঞonal E [U1, U2] :=
2∑

ℓ=1
E intraℓ (Uℓ) + E inter(U1 − U2) [1].

E intraℓ (U) :=
∫

Γm

λ

2
(div U)2 + µε(U) : ε(U) dx, ε(U) := 1

2

(
∇U + ∇U⊤

)
,

E inter(V) := 1
2

∫
Γm

ΦGSFE1 (γ2(x) + V(x)) + ΦGSFE2 (γ1(x) − V(x)) dx,

where γ2(x) = (I − A2A
−1
1 )x is the local stacking conCguraঞon of layer 1 with respect to layer 2.

Single Particle Hamiltonian

The ঞght-binding Hamiltonian acts on wave funcঞons through

(HΨ)σR1 =
∑

R′
1∈R1

∑
σ′

h11(R1 + τσ
1 + U1(R1 + τσ

1 ) − R′
1 − τσ′

1 − U1(R′
1 + τσ′

1 ))Ψσ′
R′

1

+
∑

R′
2∈R2

∑
σ′

h12(R1 + τσ
1 + U1(R1 + τσ

1 ) − R2 − τσ′
2 − U2(R2 + τσ′

2 ))Ψσ′
R2

h11 and h12 are the intralayer and interlayer hopping funcঞons based on DFT calculaঞons [2]. A
mulঞple scales expansion of the ঞght-binding model gives e@ecঞve Hamiltonians:

Bistritzer-MacDonald Model [3] Set Uℓ = 0 and keep Crst order terms [4].

[HBM(k)]G,G′ =


vσ ·

(
k + s1

2
+ G

)
δG,G′

2∑
j=0

TjδG,G′+Qj

2∑
j=0

T †
j δG,G′−Qj

vσ ·
(

k − s1

2
+ G

)
δG,G′

 (1)

Relaxed BM Model Include higher-order [5] and relaxaঞon correcঞons.

[Hrelax(k)]G,G′ =



D(1)
(

k + s1

2
+ G

)
δG,G′

+
12∑

j=1
A

(1)
j

(
k + s1

2

)
δG,G′+Pj

12∑
j=1

T̃j(k)δG,G′+Qj

12∑
j=1

T̃ †
j (k)δG,G′−Qj

D(2)
(

k − s1

2
+ G

)
δG,G′

+
12∑

j=1
A

(2)
j

(
k − s1

2

)
δG,G′+Pj


(2)

Intra and interlayer sca�ering terms are of the form A
(ℓ)
j (k) = A

(ℓ)
j + A

(ℓ)
j,∇ · k, T̃j(k) = T̃j + T̃j,∇ · k.

Numerical Simulation

Numerical Setup

Families of Hamiltonians that interpolate between the chiral limit and BM or relaxed BM models

HBM
0 (κ) = (1 − κ)Hchiral + κHBM, Hrelaxed

0 (α) = (1 − α)Hchiral + αHrelax, 0 ≤ κ ≤ .95, 0 ≤ α ≤ 1.

Numerical experiments are performed with 6 × 6 discreࢼzaࢼon, spinless, at charge neutrality. We
use average subtracࢼon to correct double counঞng. The iniঞal states are the 5 exact ground states
of the chiral model.

Results
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Energy di@erence to ground state (minimum of the Cve candidate states) per moiré site for the BM model (le[) and
relaxed BM model (right). The gray line (κ = 0.7) represents the physical raঞo of relaxaঞon in the BM model.
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Symmetry order parameters C2zT and νxT for BM (le[) and relaxed BM model (right).

Ground state HF band structure

Interacঞng band structure for ground state with physical parameters. BM model has insulaঞng KIVC and VP states.
Relaxed BM has a gap closing for VP state. (Black: HF band structure, Red: Non-interacঞng band structure)

Method: Interacting Model for TBG

Hartree-Fock Theory

A Slater determinant state |ΨS⟩ with Ne electrons deCne a one-body reduced density matrix (1-
RDM) by:

[P (k, k′)]mn := ⟨ΨS|f̂†
nk′f̂mk|ΨS⟩ .

The Hartree-Fock ground state energy can be wri�en as the minimizaঞon problem [6]

EHF = min tr
(

(H0 − Hsub + J [P ] − K[P ])P
)

, s.t. P 2 = P, tr P = Ne. (3)

Ĥ0 is the single parঞcle dispersion (BM or relaxed BM).

The interacঞng terms consists of Coulomb (Hartree) and exchange (Fock) operator:

Ĵ [P ] = 1
|ΓK

m|
∑

k,k′∈K

∑
G∈R∗m

∑
m,n∈N

V̂ (G) tr
(

ρk′,k′(−G)P (k′)
)

[ρk,k(G)]mnf̂
†
mkf̂nk,

K̂[P ] = 1
|ΓK

m|
∑

k,k′∈K

∑
G∈R∗m

∑
m,n,m′,n′∈N

V̂ (k′ − k + G)[ρk,k′(G)]mn[P (k′)]nm′[ρk′,k(−G)]n′m′f̂
†
mkf̂n′k

Double gate screened potenঞal V̂ (q′) = 2π

ϵ

tanh(|q′|d/2)
|q′|

, with ϵ = 10.79 and d = 30 nm.

Average subtracঞon to correct double counঞng e-e interacঞon Ĥsub = Ĵ [P0]−K̂[P0], P0 ≡ 1
2I4×4.

Gauge Fixing and Iniঞalizaঞon

Iniঞalize calculaঞons using Cve “ferromagneঞc” Slater determinant states which are exact ground
states at the chiral limit [7]. In the basis of (K, A), (K, B), (K′, A), (K′, B), the 1-RDM of these
states are

PQH = diag(1, 0, 0, 1), PVH = diag(1, 0, 1, 0), PVP = diag(1, 1, 0, 0)

PKIVC = 1
2


1 −ie−iφ

1 ie−iφ

−ieiφ 1
ieiφ 1

 , PTIVC = 1
2


1 e−iφ

1 e−iφ

eiφ 1
eiφ 1

 .

The symmetry order parameter of these candidate ground states are

OC2zT OνxT OνyT

QH 1 1 1
VH 1 0 0
VP 0 1 1

OC2zT OνxT OνyT

KIVC | Re (eiφ)| 1 0
TIVC | Im (eiφ)| 0 1

Conclusion

Propose a novel many-body model of TBG which systemaঞcally accounts for the e@ects of
structural relaxaঞon.
The relaঞve ordering of candidate ground states is fairly consistent with simpler treatments of
relaxaঞon. Our model predicts the signiCcantly earlier symmetry-breaking phase transiঞons.
The framework of this work can also be adapted to include the e@ects of heterostrain

Magic angle TBG Rotation strainIsotropic strain Anisotropic strain Shear strain
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